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a b s t r a c t
Current theoretical investigation of atherosclerotic arteries deals with mathematical
models that represent non-Newtonian flow of blood through a stenosed artery in the
presence of a transverse magnetic field. Here, the rheology of the flowing blood is
characterised by a generalised Power law model. The distensibility of an arterial wall has
been accounted for based on local fluid mechanics. A radial coordinate transformation is
initiated to map cosine geometry of the stenosis into a rectangular grid. An appropriate
finite difference scheme has been adopted to solve the unsteady non-Newtonian
momentum equations in cylindrical coordinate system. Exploiting suitably prescribed
conditions based on the assumption of an axial symmetry under laminar flow condition
rendered the problem effectively to two dimensions. An extensive quantitative analysis
has been performed based on numerical computations in order to estimate the effects of
Hartmann number (M), Power law index (n), generalised Reynolds number (ReG), severity
of the stenosis (δ) on various parameters such as flow velocity, flux andwall shear stress by
means of their graphical representations so as to validate the applicability of the proposed
mathematical model. The present results agree with some of the existing findings in the
literature.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
1.1. An examination of atherosclerosis
The intimal thickening of an artery has long been understood as an early process in the formation of atherosclerosis and
one of the most wide-spread diseases in humans leading to the malfunction of the cardiovascular system. Atherosclerosis is
amajor underlying cause of angina andmyocardial infarction [1]. In atherosclerotic arteries, the lumen is typically narrowed
and thewall is stiffened by the build up of plaquewith a lipid core and a fibromuscular cap [2]. In some cases the arterial wall
can remodel itself by increasing its external diameter to accommodate a plaque without narrowing the lumen, producing
angiographically silent plaques detectable only by intravascular ultrasound [3]. In the majority of cases, where this does
not occur, the resulting stenosis reduces blood flow to some degree. Atherosclerotic stenoses are the main cause of stable
angina [4]. Plaque rupture can lead to the formation of a thrombus that blocks blood flow to the heart leading to unstable
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angina or myocardial infarction [2]. Plaques with large atheromatous cores, thin fibromuscular caps and inflammed caps
are particularly vulnerable [1] regardless of the degree of stenosis [5].
There is some speculation that wall shear stress leads to luminal thinning and promotes plaque rupture [6–8]
although there are also questions about whether high haemodynamic shear alone would disrupt a stenotic plaque [1,9]
as haemodynamic stresses are usually much smaller than mechanical stresses imposed by blood and pulse pressures [10].
Fast and accurate estimation of the reduction in flow due to stenoses is important in determining their effects on angina [11,
12] and accurate estimation of the increase in wall shear stress due to stenoses has implications for the theory of plaque
rupture [1]. In particular, discussions in the presence ofmore realistic wall geometries are needed [13]. There is considerable
evidence that vascular fluid dynamics plays an important role in the development and progression of atherosclerosis. It has
also been established that once a mild stenosis is developed, the resulting flow disorder further influences the development
of the disease with arterial deformity resulting in considerable change in regional blood rheology [14,15].
1.2. Magnetohydrodynamics of stenotic blood flow
During the last few decades, extensive research work has been done on the dynamics of biological fluid in the presence
of magnetic field with implications in the bioengineering andmedical technology. The development of magnetic devices for
cell separation, targeted transport ofmagnetic particles as drug carriers,magneticwound or cancer tumor treatment causing
magnetic hyperthermia, reduction of bleeding during surgeries or provocation of occlusion of the feeding vessels of cancer
tumors and the development of magnetic tracers, as well are well-known applications in this domain of research [16–19].
The most characteristic biological fluid is blood, which behaves as a magnetic fluid, due to the complex interaction
of the intercellular protein, cell membrane and haemoglobin as a form of iron oxides which is present at a uniquely
high concentration in the mature red blood cells, while its magnetic properties are affected by factors such as the state
of oxygenation [20]. It is found that erythrocytes orient with the disk plane parallel to the magnetic field and also that
blood possesses the property of diamagnetic material when oxygenated and paramagnetic when deoxygenated [21].
Measurement has also been performed for the estimation of the magnetic susceptibility of blood which was found to
be 3.5 × 10−6 and −6.6 × 10−7 for the venous and arterial blood respectively [22,23]. By Lenz’s law, the Lorentz force
opposes themotion of conducting fluid and since blood is an electrically conducting fluid, themagnetohydrodynamic (MHD)
principles may be used to decelerate the flow of blood in human arterial system and thereby it is useful in the treatment of
certain cardiovascular disorders [24,25]. Korchevskii andMarcochnik [26] have discussed the possibility of regulating blood
movement in human system by applying magnetic field. It has been established that the biological systems, in general, are
greatly affected by the application of external magnetic field as propounded in [27,28]. The heart rate decreases by exposing
biological systems to an external magnetic field as reported in [16]. Strong magnetic fields (8 T) were used on a living rat
and the consequence was the reduction of the blood flow and the temperature of the rat [29]. It has further been recorded
from experimental findings that for a magnetic field of the same strength (8 T), the flow rate of human blood in a tube was
reduced by 30% [30].
The potential use of MHD principles in prevention and rational therapy of arterial hypertension was explored in [31]
who found that for steady flow of blood in an artery of circular cross section, a uniform transverse magnetic field alters the
flow rate of blood. Bhargava et al. [32] have opined from their numerical simulation of pulsatile flow andmass transfer of an
electrically conductingNewtonian biofluid in a channel containing porousmedium that amagnetic field can beused as a flow
control mechanism inmedical applications. MHD flow of a non-Newtonian fluid in a channel of slowly varying cross section
in the presence of a uniform transversemagnetic field was studied in [33]. In the recent past, El-Shehawey et al. [34] studied
an unsteady flow of blood as an electrically conducting, incompressible, elastico-viscous fluid in the presence of magnetic
field through a rigid circular pipe by considering the streaming blood as a non-Newtonian fluid in the axial direction only.
Very recently, themicropolar biomagnetic flow characteristics in a porousmedium has also been extensively studied in [35]
and subsequently in [36,37]. All the studies [35–37] highlighted the influence of magnetization and concluded that the
flow regime strongly affected by the magnetization. Their models find applications in biomedical device technology, blood
transport in tumors, brain tissue and soft connective tissue zones as well as in fundamental hydrodynamics of ferrofluids in
porous materials.
Although the literature on blood flow with constriction in the presence of magnetic field is scarar, Haik et al. [38]
developed amathematical model of the biomagnetic fluid flowwith stenosis in a channel and propounded that the presence
of the magnetic field influences the flow field considerably. From the recent-most study of Tzirtzilakis [39], significant
conclusion has been made that the flow velocity, the temperature field, the skin friction and the rate of heat transfer as
well are greatly influenced by the magnetic field. The effect of imposed strong non-uniform magnetic field for different
stenosis growth rates for a variety of test cases ranging from a simple cylindrical geometry to real-life right-coronary arteries
in humans has been comprehensively studied in [40] and it is concluded that an applied non-uniform magnetic field can
create significant changes in the secondary flow patterns, thus making it possible to use this technique for optimisations of
targeted drug delivery.
Since pulsatile nature of constricted blood flow cannot be neglected, many theoretical analyses and experimental
measurements on flow through stenosis have been performed by considering the flowing blood to be Newtonian. The
assumption of Newtonian behaviour of blood is acceptable for high shear rate flow, i.e. in the case of flow through larger
arteries. It is not, however, valid when the shear rate is low as is the flow in smaller arteries and in the downstream
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of the stenosis. It has been pointed out that in some diseased conditions, blood exhibits remarkable non-Newtonian
characteristics [41–46]. Non-Newtonian fluids are a broad class of fluids in which the relation connecting the shear stress
and the shear rate is non-linear and hence no single constitutive relation possesses the potentiality to predict all kinds of
non-Newtonian behavior of the fluids flowing in various situations. In an extensive study, Easthope and Brooks [47] found
that Walburn–Schneck model [48] was a type of power law model quantitatively distinct from the generalised power law
model characterising blood flow. In fact, the Casson, Quemada,Walburn–Schneck power law and the generalised power law
models characterising flow of blood under various conditions have all been shown [49–53] to have their own importance in
the flow phenomena both theoretically and experimentally. A number of researchers in the relevant field have also studied
the flow phenomena of non-Newtonian fluids [54–60] covering various models like Casson, Quemada, power law and the
generalised power law in order to establish the applicability of the individualmodel in the realm of blood rheology. Itmay be
worthwhile to mention that the generalised power lawmodel can be viewed as the most general model for non-Newtonian
blood viscosity over other models since it encompasses the power law model at low strain, a Newtonian model at higher
strain and the Casson model as a special case as well.
In order to simulate the stenosed flow problem one step closer to the real situation, an attempt is made in the present
theoretical investigation to develop a two-dimensional mathematical model in order to explore the notable influence of
externally imposedmagnetic field on non-Newtonian flow of blood through an elastic (moving wall) stenosed artery where
the non-Newtonian rheology of the streaming blood is characterised by the generalised Power law model. Malek et al. [61,
62] extensively studied the existence and uniqueness as well as stability characteristic of such flow problem. Although the
present problem does not deal with the existence of the flow characterised by the generalised Power law fluid, the already
cited references [61,62] bear the foundation to make an attempt safely to explore the flow characteristic of the streaming
blood in the presence ofmagnetic field. Due attention is also paid to the effect of arterialwallmotion on local fluidmechanics
but not on the stresses and strains in the vessel wall. The consideration of a time-variant geometry of stenosis has not,
however, been ruled out from the present analysis. The prime objective of the present study is to examine the influence
of the magnetic field, the blood rheology and flow unsteadiness on the constricted flow phenomena—an area where major
attention has not been focused by previous investigators. An extensive quantitative analysis is carried out by performing
large scale numerical computations of the desired quantities having physiological significance to estimate the effects of
applied magnetic field, the wall deformability, the severity of the stenosis and the non-Newtonian blood rheology as well
on the physiological flow phenomena quantitatively through their graphical representations with appropriate scientific
discussions so as to substantiate the applicability of the present model under study.
2. Mathematical formulation
Let us consider the two-dimensional flow of a non-Newtonian incompressible viscous electrically conducting fluid of
density ρ in a circular tube having locally axisymmetric constriction in the presence of uniform transverse magnetic field
B0 where the non-Newtonian rheology of the flowing blood is characterised by the generalised Power law model.
The equations of magnetohydrodynamic (MHD) flow are
∇.V = 0 (1)
DV
Dt
= − 1
ρ
∇p+∇.τ + J× B (2)
where DVDt is the material derivative, V, the velocity (u, 0, v), J, the current density, p is the pressure, B = B0+ B1 is the total
magnetic field where B1 is the induced magnetic field assumed to be negligible in comparison with the external magnetic
field which is justified for MHD flow at small magnetic Reynolds number, while τ is the stress tensor.
By Ohm’s law, we have
J = σ(E+ V× B) (3)
where σ is the electrical conductivity and E is the electric field. The imposed and induced electrical fields are assumed to be
negligible. The force J× B can be simplified to
J× B = −σB2V. (4)
It is also assumed that the electric field due to polarization of charges is also negligible. Thus, the governing equations for
the z and r components of momentum together with the equation of the continuity in the cylindrical coordinate system due
to magnetohydrodynamic (MHD) interactions, may be written as
∂u
∂t
= −
(
v
∂u
∂r
+ u∂u
∂z
)
− 1
ρ
∂p
∂z
− 1
ρ
{
1
r
∂(rτrz)
∂r
+ ∂τzz
∂z
}
− σB0
2
ρ
u, (5)
∂v
∂t
= −
(
u
∂v
∂z
+ v ∂v
∂r
)
− 1
ρ
∂p
∂r
− 1
ρ
{
1
r
∂(rτrr)
∂r
+ ∂τrz
∂z
}
, (6)
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Fig. 1. Schematic diagram of the artery with stenosis.
∂u
∂z
+ ∂v
∂r
+ v
r
= 0, (7)
where τ = −m

∣∣∣∣∣
√
1
2
(γ˙ : γ˙ )
∣∣∣∣∣
n−1 γ˙ (8)
with
1
2
(γ˙ : γ˙ ) = 2
{(
∂v
∂r
)2
+
(v
r
)2 + (∂u
∂z
)2}
+
(
∂u
∂r
+ ∂v
∂z
)2
. (9)
Here, τ designates the stress tensor, γ˙ , the symmetric rate of deformation tensor,m and n are respectively the consistency
and fluid behaviour index parameters, t denotes the time, p, the pressure of the fluid. The axial and the radial coordinates are
denoted by z and r . The velocity components along the axial and the radial directions are represented by u and v respectively.
It is assumed that the magnetic Reynolds number of the MHD flow is small so that the induced magnetic and electrical field
can be neglected. The electrical conductivity σ of the fluid is assumed to be constant. It is also assumed that the external
electric field is zero and the electric field due to polarization of charges is also negligible.
The geometry of the time-dependent stenosis (cf. Fig. 1) is described mathematically as
R(z, t) =

[
R0 − δ2 [1+ cos{pi(z − z1)/z0}]
]
.a1(t), d ≤ z ≤ d+ 2z0
R0. a1(t), otherwise,
(10)
whereR(z, t) is the radius of the arterial segment in the constricted region,R0 the unconstricted radius of the stenosed artery,
z0 the half-length, δ the maximum width and z1 the centre of the stenosis with δ = 0.276R0. The time-variant parameter,
a1(t) is given by a1(t) = 1+ kR cos(ωt − φ), where kR represents the amplitude parameter and φ, the phase angle.
Since the lumen radius of the artery, R, is sufficiently smaller than the wavelength λ, of the pressure wave i.e. R
λ
 1, the
radial Navier–Stokes equation simply reduces to ∂p
∂r = 0 (cf. [63]) and hence Eq. (2) can be disregarded. It is then reasonable
and convenient to assume that the pressure is independent of radial coordinate [64] and eventually the pressure gradient
∂p
∂z appearing in (1), the form of which has been taken following Burton [65] for human beings as
−∂p
∂z
= A0 + A1 cos(ωt), t > 0 (11)
where A0 is the constant amplitude of the pressure gradient, A1 the amplitude of the pulsatile component giving rise to
systolic and diastolic pressure, ω = 2pi f with f , the heart pulse frequency.
3. Boundary and initial conditions
Along the axis of symmetry, the normal component of the velocity, the axial velocity gradient and the shear stress vanish.
These may be stated mathematically as
v(r, z, t) = 0, ∂u(r, z, t)
∂r
= 0 and τrz = 0 on r = 0. (12)
The velocity boundary conditions on the wall are taken as
v(r, z, t) = ∂R
∂t
, u(r, z, t) = 0 on r = R(z, t). (13)
Moreover, it is assumed that initially the flow is Hagen–Poiseuille. Downstream, the velocity is left free but conditions of
zero normal and tangential stresses are applied. In order to eliminate any potential distorting influence from the boundary
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conditions, it was decided to apply these conditions on a distance of 7 arterial radii upstream from the beginning of the
stenosis and 7 radii downstream from the end of the stenosis.
Initially (t = 0) the flow velocity in the presence of the magnetic field and in the absence the magnetic field has been
taken to have the respective form as follows:
u(r, z, 0) =
(
A0 + A1
M2
){
1− I0(Mr)
I0(M)
}
(14)
and u(r, z, 0) = 2
(
1− r
2
R2
)
(15)
where I0 is the modified Bessel function of the first kind of order zero.
4. Non-dimensionalization
We introduce the non-dimensional variables and parameters as follows :
r∗ = r
R0
, z∗ = z
R0
, u∗ = u
U
, v∗ = v
U
, t∗ = tU
R0
, p∗ = p
ρU2
,
ω∗ = ωR0
U
, A0∗ = R0
ρU2
A0, A1∗ = R0
ρU2
A1, δ∗ = δR0 ,
where U is the average velocity. The other parameters like the generalised Reynolds number (ReG) and Hartmann number
(M) are defined as
ReG = ρR0
n
mUn−2
, M = B0
(
R0n+1σ
mUn−1
) 1
2
.
Here, and in what follows, all the dimensionless variables are used. Eqs. (5)–(8) have the following non-dimensionalized
form given by
∂u
∂t
= −
(
v
∂u
∂r
+ u∂u
∂z
)
− ∂p
∂z
− 1
ReG
{
1
r
∂(r τ¯rz)
∂r
+ ∂(τ¯zz)
∂z
}
− M
2
ReG
u, (16)
∂v
∂t
= −
(
u
∂v
∂z
+ v ∂v
∂r
)
− ∂p
∂r
− 1
ReG
{
1
r
∂(r τ¯rr)
∂r
+ ∂(τ¯rz)
∂z
}
, (17)
∂u
∂z
+ ∂v
∂r
+ v
r
= 0, (18)
where τ¯zz = −2

∣∣∣∣∣∣
[
2
{(
∂v
∂r
)2
+
(v
r
)2 + (∂u
∂z
)2}
+
(
∂v
∂z
+ ∂u
∂r
)2] 12 ∣∣∣∣∣∣
n−1
(
∂u
∂z
)
, (19)
τ¯rr = −2 {· · ·}
(
∂v
∂r
)
, (20)
τ¯rz = −{· · ·}
(
∂u
∂r
+ ∂v
∂z
)
. (21)
Eqs. (10) and (11) are also non-dimensionalized which should be read respectively as
R(z, t) =

[
1− δ
2
[1+ cos{pi(z − z1)/z0}]
]
a1(t), d ≤ z ≤ d+ 2z0
a1(t), otherwise
(22)
and −∂p
∂z
= A0 + A1 cos(ωt), t > 0. (23)
5. Method of solution
We use a suitable radial coordinate transformation to map the constricted domain into a rectangular one. Eqs. (16)–(21)
togetherwith the boundary and the initial conditions (12)–(15) are transformed following the introduction of a new variable
ξ = rR(z,t) as
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∂u
∂t
= 1
R
[
ξ
(
∂R
∂z
u+ ∂R
∂t
)
− v
]
∂u
∂ξ
− u∂u
∂z
− ∂p
∂z
− 1
ReG
[
1
ξR
τ¯ξz + 1R
∂τ¯ξz
∂ξ
− ξ
R
∂R
∂z
∂τ¯zz
∂ξ
+ ∂τ¯zz
∂z
]
− M
2
ReG
u, (24)
∂u
∂z
+ v
ξR
+ 1
R
∂v
∂ξ
− ξ
R
∂u
∂ξ
∂R
∂z
= 0, (25)
where τ¯zz = −2

∣∣∣∣∣∣
[
2
{
1
R2
(
∂v
∂ξ
)2
+ 1
R2
(
v
ξ
)2
+
(
∂u
∂z
− ξ
R
∂u
∂ξ
∂R
∂z
)2}
+
(
∂v
∂z
− ξ
R
∂v
∂ξ
∂R
∂z
+ 1
R
∂u
∂ξ
)2] 12 ∣∣∣∣∣∣
n−1
(
∂u
∂z
− ξ
R
∂u
∂ξ
∂R
∂z
)
, (26)
τ¯ξξ = −2 {· · ·}
(
1
R
∂v
∂ξ
)
, (27)
τ¯ξz = −{· · ·}
(
1
R
∂u
∂ξ
+ ∂v
∂z
− ξ
R
∂v
∂ξ
∂R
∂z
)
(28)
alongwith v(ξ, z, t) = 0, ∂u(ξ , z, t)
∂ξ
= 0 on ξ = 0, (29)
v(ξ, z, t) = ∂R
∂t
, u(ξ , z, t) = 0 at ξ = 1, (30)
u(ξ , z, 0) =
(
A0 + A1
M2
){
1− I0(MξR)
I0(M)
}
, (31)
and u(ξ , z, 0) = 2 (1− ξ 2) . (32)
Multiplying Eq. (25) by ξR and integrating with respect to ξ between the limits 0 and ξ , one obtains
v(ξ, z, t) = ξ ∂R
∂z
u− R
ξ
∫ ξ
0
ξ
∂u
∂z
dξ − 2
ξ
∂R
∂z
∫ ξ
0
ξudξ . (33)
Using the boundary conditions (30), the above equation becomes
−
∫ 1
0
ξ
∂u
∂z
dξ =
∫ 1
0
ξ
[
2
R
∂R
∂z
u+ 1
R
∂R
∂t
f (ξ)
]
dξ . (34)
Since the choice of f (ξ) is, of course, arbitrary, let f (ξ) be of the form f (ξ) = −4(ξ 2 − 1) satisfying the condition that∫ 1
0
ξ f (ξ)dξ = 1.
Taking the approximation of considering the equality between the integrals to integrands, we have from (34)
∂u
∂z
= −2
R
∂R
∂z
u− 1
R
∂R
∂t
f (ξ). (35)
Introducing (35) into (33), one gets
v(ξ, z, t) = ξ
[
u
∂R
∂z
+ (2− ξ 2) ∂R
∂t
]
. (36)
6. Finite difference approximation
The finite difference scheme for solving (24) is based on the central difference approximations for all the spatial
derivatives while the time derivative by forward difference representation in the following manner:
∂u
∂ξ
= (u)
k
i,j+1 − (u)ki,j−1
21ξ
,
∂u
∂z
= (u)
k
i+1,j − (u)ki−1,j
21z
,
∂u
∂t
= (u)
k+1
i,j − (u)ki,j
1t
, (37)
where we define ξj = (j − 1)1ξ , j = 1, 2, . . . ,N + 1 such that ξN+1 = 1; zi = (i − 1)1z, i = 1, 2, . . . ,M + 1 and
tk = (k− 1)1t , k = 1, 2, . . . for the entire tubular segment under consideration with1ξ,1z as the respective increments
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in the radial and the axial directions while 1t indicates the small time increment. Similar discretisation can also be made
for the rest of the variables viz. τ¯ξz and τ¯zz involved in (24). Here, the coordinates (ξ , z, t) are discretised to (ξj, zi, tk). Using
(37), Eq. (24) may be transformed to the following difference equation :
uk+1i,j = uki,j +1t
[
−
(
∂p
∂z
)k+1
+
{
ξj
Rki
(
∂R
∂t
)k
i
− v
k
i,j
Rki
+ ξj
Rki
(
∂R
∂z
)k
i
uki,j
} (
uf ξ
)k
i,j − uki,j
(
ufz
)k
i,j
− 1
ReG
{
1
ξjRki
(
τ¯ξz
)k
i,j +
1
Rki
[(
τ¯ξz
)
f ξ
]k
i,j
+ [(τ¯zz)fz]ki,j − ξjRki
(
∂R
∂z
)k
i
[
(τ¯zz)f ξ
]k
i,j
}
− M
2
ReG
uki,j
]
(38)
while (26) and (28) have their discretised version as
(τ¯zz)
k
i,j = −2

∣∣∣∣∣∣∣
2

(
1
Rki
(
vf ξ
)k
i,j
)2
+
(
vki,j
ξjRki
)2
+
((
ufz
)k
i,j −
ξj
Rki
(
∂R
∂z
)k
i
(
uf ξ
)k
i,j
)2
+
{(
vfz
)k
i,j −
ξj
Rki
(
vf ξ
)k
i,j
(
∂R
∂z
)k
i
+ 1
Rki
(
uf ξ
)k
i,j
}2 12
∣∣∣∣∣∣∣
n−1
[(
ufz
)k
i,j −
ξj
Rki
(
∂R
∂z
)k
i
(
uf ξ
)k
i,j
]
(39)
and
(
τ¯ξz
)k
i,j = −{· · ·}
[
1
Rki
(
uf ξ
)k
i,j +
(
vf ξ
)k
i,j −
ξj
Rki
(
∂R
∂z
)k
i
(
vf ξ
)k
i,j
]
, (40)
with (uf ξ )ki,j =
uki,j+1−uki,j−1
21ξ , (ufz)
k
i,j =
uki+1,j−uki−1,j
21z and similar are the expressions for (vf ξ )
k
i,j, (vfz)
k
i,j, [(τ¯ξz)f ξ ]ki,j etc. Also the
prescribed conditions (29)–(32) have their finite difference representations, given by
vki,1 = 0, uki,1 = uki,2, (41)
vki,N+1 =
(
∂R
∂t
)k
i
, uki,N+1 = 0, (42)
u1i,j =
(
A0 + A1
M2
){
1− I0(MξjRi
1)
I0(M)
}
, (43)
and u1i,j = 2(1− ξj2). (44)
The difference equation (38) is solved for u by making use of (39) and (40) together with the prescribed conditions (41)–
(44) and the input pressure gradient obtained from (23) throughout the tubular vessel segment under consideration. After
having determined the axial flow velocity, the corresponding radial velocity can directly be calculated from (36).
Finally, with the knowledge of both the axial and the radial velocities, one can easily determine the volumetric flow rate
(Q ) and the wall shear stress (τw) as well from the following relations, given by
Q ki = 2pi(Rki )2
∫ 1
0
ξjuki,jdξj, (45)
(τw)
k
i = [τ¯ξz]ki,N+1. (46)
7. Numerical results and discussion
7.1. Simulation parameters
For the purpose of numerical computations of the desired quantities of major physiological significance, the following
parameter values involved in the present analysis have made use of values from [66,67] as follows:
d = 7, ω = 0.02, ReG = 300, kR = 0.05, A0 = 0.1, A1 = 0.2× A0.
The explicit finite difference schemehas been found to be quite effective in solving the resulting equations numerically for
different time periods. The computed results do appear to converge with an accuracy of 10−5 when the time-step is chosen
to be1t = 0.0001. The grid size was standardised to solve the present problem as 300× 40, in order to achieve the desired
accuracy of the results. No standard package for the finite difference scheme has been used in the present computations.
However, the computational code based on the following algorithm has been successfully programmed using FORTRAN
language:
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Fig. 2. Axial velocity profile for different Power law index (n) and Hartmann number (M) at t = 50 (z = 14, ReG = 300).
Fig. 3. Radial velocity profile for different Power law index (n) and Hartmann number (M) at t = 50 (z = 14, ReG = 300).
1. Set the flow velocities in the presence of the magnetic field and in the absence the magnetic field from Eqs. (14) and (15)
respectively in the entire domain initially at t0.
2. Calculate uk+1i,j at the next instant of time t1 (t1 = t0 + 1t) from Eq. (38) by making use of (39) and (40) supplemented
with the boundary conditions (41)–(44) and the input pressure gradient from (23) as well.
3. Calculate vk+1i,j at t1 from Eq. (36) after having determined the axial velocity u
k+1
i,j .
4. Computations for t = t1 are continued until the end of the arterial segment is attained.
5. Entire sequence of steps is repeated for the next time increment and continued until desired time span has been achieved.
The computed results obtained by following the method mentioned above for various physical quantities of major
physiological significance are all exhibited through Figs. 2–12 in order to have their estimates determined quantitatively.
7.2. Variation of flow parameters with time
Fig. 2 illustrates the behaviour of the axial velocity profile of the flowing blood characterised by the generalised Power
law model in the presence of transverse magnetic field at a particular instant of t = 50 for different Power law index (n)
as also for different Hartmann number (M) for generalised Reynolds number ReG = 300 at a critical location of z = 14 in
the constricted region. The curves are all featured to be analogous in the sense that they do drop to zero on the wall surface
from their respectivemaxima on the axis. Examining the present velocity profiles, one observes that the axial velocitymostly
becomes uniform for shear-thinningmodel at (n = 0.639) of the streaming bloodwith considerable reduction inmagnitude
with increasing Hartmann number (M). This observation is in good agreement with those of Tzirtzilakis [68] although his
studies were based on the Newtonian blood flow under the action of an applied magnetic field. This feature may be argued
with the reason that as the Lorentz force opposes themotion of conducting fluid, the effect of externally imposed transverse
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Fig. 4. Variation of the rate of flow with the severity of the stenosis for different Hartmann number (M) at t = 50 (z = 14, n = 0.639, ReG = 300).
Fig. 5. Variation of the rate of flow with pressure gradient for different Power law index (n) and Hartmann number (M) at t = 50 (z = 14, ReG = 300).
magnetic field is to decelerate the flow of blood in human arterial system. Moreover, as the Power law index (n) increases
i.e. when the rheological characteristic of the streaming blood changes from shear-thinning to Newtonian and then to shear-
thickening, the flow velocity profile becomes more parabolic and a considerable reduction is noted in the vicinity of the
arterial wall. Thus analysing the behaviour of the curves of the present figure, one may conclude that the applied magnetic
field as also the Power law index (n) affect the axial velocity of the streaming blood past a constricted artery significantly
and hence these parameters deserve to have their own importance in the present model under consideration.
Unlike the axial velocity profiles characterisation, the results of the radial velocity component at t = 50 exhibited in Fig. 3
at the same critical location of z = 14 for generalised Reynolds number ReG = 300 are found to be quite interesting to note.
The radial velocity profiles assume negative values for all the cases considered herein. The velocity decreases from zero on
the axis as one moves away from it and finally approaches some finite value on the arterial wall surface and the existence of
such finite value on thewall clearly reflects the radialmotion of the arterial wall under consideration. Onemay observe from
the present figure that the radial velocity decreaseswith increasing Hartmann number (M) that is, with increasingmagnetic
field intensity like the response of the radial velocity with the increase of the Power law index (n) so far as their magnitudes
are concerned. One may also record that the magnitudes of the radial flow velocity appear to be much smaller than those
of the axial velocity although they differ in sign throughout the arterial cross section. The maximum radial velocity near the
wall gets reduced considerably when the intensity of the magnetic field is increased for a shear-thinning fluid idealisation
of blood and the feature remains same for both Newtonian and shear-thickening characterisation of the fluid representing
blood under constant magnetic field (M = 2) intensity. Examining all the curves of the present figure, similar conclusion
can also be made here that both the Power law index (n) and the Hartmann number (M) influence the radial velocity to a
considerable extent.
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Fig. 6a. Variation of the rate of flow with time for different Power law index (n), Hartmann number (M) (z = 14, ReG = 300).
The behaviour of the flow ratewith the severity of the stenosis present in the arterial lumen at a specific location of z = 14
is exhibited in Fig. 4 with respect to shear-thinning characteristics of the streaming blood from the generalised Power law
model idealisation at ReG = 300 for t = 50. All the curves appear to be linear and they do shift towards the origin with
increasing Hartmann number. The flow rate of the streaming blood generally experiences a rapid fall from normal non-
stenotic artery till a constricted one with 48% severity followed by a gradual decay with higher severity of the stenosis or
in other words, the flow rate diminishes as the artery gets narrowed gradually. It may be noted further that the flow rate
drops down sharply with increasing severity of the constriction in the absence of themagnetic field but the diminishing rate
slows down considerably in the presence of the applied magnetic field. However, the increasing intensity of the magnetic
field possesses meagre influence on the flow rate over the larger range of severity from 48% to 78%. Thus the severity of the
stenosis as well as the Hartmann number (M) bear the potential to influence the rate of flow to a considerable extent in the
realm of physiological flow phenomena.
Several plots have beenmade in Fig. 5 just to characterize the variation of the flow ratewith pressure gradient for different
Hartmann numbers (M) and different Power law index (n) at the same critical location of z = 14 in the constricted region
at t = 50 for ReG = 300 where the input pressure gradient data has been chosen to be similar to those of [69]. It is observed
from the relevant curves of the present figure that shear-thinning characteristics of the streaming blood experiences higher
rate of flow than its other counterparts corresponding to Newtonian as well as shear-thickening model idealisation. The
moment the pressure gradient exceeds the critical value of 0.05, the deviation gets magnified with increasing pressure drop
when the flow past a constricted artery in the presence of an applied magnetic field. The present figure also includes the
corresponding result for the shear-thinning model in the absence of magnetic field (M = 0) exhibiting mixed response of
increasing-decreasing and unchanging trend to some extent with variedmagnitudes over those in the presence of magnetic
field and hence the influence of the magnetic field on the flow rate with reference to the larger range of pressure gradient
in particular, can well be estimated quantitatively. Further, the reduction of the flow rate corresponding to Newtonian and
shear-thickening fluid model over the entire range of pressure gradient from that for a shear-thinning characterisation of
blood irrespective of the presence and absence of the magnetic field certainly ensures the importance of blood rheology in
the flow phenomena.
The variation of the flow rate with dimensionless time for different Power law index (n), Hartmann number (M) is
exhibited in Fig. 6a for ReG = 300 at z = 14. It is observed from the figure that in the presence of magnetic field the rate
of flow increases and attains a peak at t = 30 and then diminishes for a while to become almost steady with large passage
of time. The flow rate becomes higher in the absence of magnetic field for large time in general, with the formation of a
peak rate at t = 20 in particular, and it gradually diminishes with the increase of magnetic field intensity (M) which is in
good agreement with those of Haik et al. [30]. Moreover, as the Power law index (n) increases, the rate of flow diminishes
appreciably over the entire time range considered here. The considerable effect of vascular wall distensibility on the flow
rate can not however, be ruled out from the present study as evident from the relevant curves of the present figure. Fig. 6b
depicts how different axial positions of the constricted arterial segment affect the rate of flow in the presence of transverse
magnetic field for shear-thinning characterisation of generalised Power law model representation of the flowing blood for
ReG = 300. The flow rate diminishes largely at the critical position where the artery gets maximum narrowing for all time
from those at the onset and at the offset of the stenosis. The deviation of the results in Figs. 6a and 6b thus obtained clearly
estimates the effects of Hartmann number, the vascular wall distensibility, the Power law index and as also the effect of
stenosis on the distribution of the flow rate quantitatively.
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Fig. 6b. Variation of the rate of flow with time for different axial positions (M = 2, n = 0.639, ReG = 300).
Fig. 7a. Variation of the wall shear stress with time for different Power law index (n) and Hartmann number (M) (z = 14, ReG = 300).
Fig. 7b. Variation of the wall shear stress with time for different axial positions (M = 2, n = 0.639, ReG = 300).
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Fig. 8a. Distribution of Normalised wall shear stress for different Hartmann number (M) at t = 20 (z = 14, n = 0.639, ReG = 300).
Fig. 8b. Axial velocity profile for different1t at t = 15 (z = 14, ReG = 300, n = 0.639,M = 2).
Figs. 7a and 7b exhibit how the wall shear stress gets perturbed with the advancement of time at ReG = 300 for different
Hartmann numbers (M), different Power law index (n) and also for different axial positions of the stenosed arterial segment.
It is interesting to record from Fig. 7a that the wall shear stress consistently diminishes in the presence of magnetic field
both for smaller and larger span of time. However, as the characteristics of the non-Newtonian fluid changes from shear-
thinning to Newtonian and then to shear-thickening, an all time increase in wall shear stress is observed when the flowing
blood is subjected to externally applied transverse magnetic field. It is also apparent from the results of Fig. 7b that the wall
shear stress maintains an all time increasing trend at the critical site of the constriction where the artery gets its maximum
narrowing over other sites of onset and offset of stenosis for shear-thinning characterisation of the streaming blood. The peak
stress occurs at the throat of the stenosis at an instant of time phase at t = 38 while other sites of the stenosis experience
their respective maximum stress a little before and after t = 38 and all the stress curves become eventually steady even
for large advancement of time. The present stress distribution plays an important role in detecting the aggregation sites
of platelets as mentioned by Fry [70] that the growth and the deterioration of the endothelial cells of the arterial wall are
clearly related to the generation of shear stress on the arterial walls.
In order to validate the present improved model, a comparison has been made with the existing results as shown in
Fig. 8a. One may notice that the normalised wall shear stress τw ′ (τw ′ = τwτn , τn is the wall shear stress for normal artery)
increases in magnitude to a considerable extent with increasing stenosis-size ranging from 0 to 0.2 for both the magnetised
and non-magnetised cases. The feature of these results is in good agreement with that of Srivastava and Saxena [71] whose
studies were based on a one-dimensional Casson Model of the blood flow in rigid arteries under steady-state conditions in
the absence ofmagnetic field. A considerable deviation of the results thus obtained from the first and the second curves (from
top) may be caused due to additional considerations of unsteadiness, vessel wall distensibility and also two-dimensional
flow as encountered in the present improved model. Again it can be easily estimated that wall shear stress diminishes
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Fig. 9a. Pattern of streamlines for a 50% stenosis in the case of a shear-thinning fluid model in the absence of magnetic field for ReG = 1000 at t = 100.
Fig. 9b. Pattern of streamlines for a 50% stenosis in the case of Newtonian fluid model in the absence of magnetic field for ReG = 1000 for t = 100.
Fig. 9c. Pattern of streamlines for a 50% stenosis in the case of shear-thickening fluid model in the absence of magnetic field for ReG = 1000 at t = 100.
significantly with the introduction of external magnetic field. Fig. 8b of the present paper illustrates how the accuracy of
the numerical approximation can be achieved by using different values of time-step (1t) of the finite difference scheme
discretising the governing equations. The entire computational work has been carried out by using the value1t = 0.0001
after adequately standardised. In order to have numerical stability and necessary convergence of the results obtained, we
have also tested what happens when 1t = 0.00005 and 1t = 0.00001 and found maintaining always a high accuracy
as evident from the present figure. Such observations of the axial velocity profile obviously highlights the validity of the
present computations.
7.3. Variation in patterns of streamlines
Figs. 9a–9c represent the results showing various patterns of the streamlines in the stenosed arterial segment
corresponding to shear-thinning (n = 0.639), Newtonian (n = 1) and shear-thickening (n = 1.2) model idealisation of
blood for large ReG = 1000 in the absence of themagnetic field at a specific instant of t = 100. All the streamlines follow the
straight line path near the axis which gradually get perturbed more towards the wall of the stenosed artery. It is interesting
to observe that several flowlines are attracted towards the stenoticwall upstreamwith the formation of several recirculation
zones while others pass through the constricted region directly following the main stream. The notable separation zones
corresponding to both shear-thinning and shear-thickening models get considerably magnified in the case of Newtonian
fluid while the flow lines are concentratedmost near the throat of the stenosis for a shear-thickening fluid unlike other fluid
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Fig. 10a. Magnetic field induced streamlines pattern for a 50% stenosis in the case of a shear-thinning fluid model for ReG = 1000 at t = 100.
Fig. 10b. Magnetic field induced streamlines pattern for 50% stenosis in the case of Newtonian fluid for ReG = 1000 at t = 100.
Fig. 10c. Magnetic field induced streamlines pattern for 50% stenosis in the case of shear-thickening fluid model for ReG = 1000 at t = 100.
characterisation. Thus the effect of the characterisation of fluid representing blood on the patterns of streamlines should be
of some importance in studying usual flow phenomena when there is no applied magnetic field.
The nature of the streamlines in the presence of magnetic field for those kinds of fluid under consideration is captured
in Figs. 10a–10c at the same instant of time with ReG = 1000. The general observations of the present flowlines are almost
analogous to those of Fig. 9 so far as the flow behaviour is concerned. However, in the presence of applied magnetic field
the recirculation zones formed upstream the constricted region get considerable reduction of area of separation, in general,
and additional flowlines are found to pass through the throat of the stenosis for the shear-thinning fluid, in particular. The
flow symmetry with respect to the centreline of the artery is retained in all the patterns of the streamlines when the flowing
blood past a stenosis irrespective of the absence and the presence of externally applied magnetic field. One may also record
from these patterns that more and more flow lines attract or concentrate towards the wall (shaded portion) of the artery
for blood flowing through a constricted artery in the presence of magnetic field while their accumulation is meagre when
applied magnetic field is withdrawn from the present system under consideration. Thus the deviation of the patterns of
flowlines can be used to estimate the influence of magnetic field on the stenosed flow phenomena.
All the patterns of streamlines mentioned above in Figs. 9 and 10 are based on a moderate 50% severity of the stenosis.
Attention has now been focused on how the flowlines behave in the constricted artery when the severity of the stenosis is
raised to 78%. Figs. 11a and 11b show such patterns of the streamlines in the constricted artery forM = 0 and 4 respectively
at the same instant of t = 100 with the same generalised Reynolds number ReG = 1000 for shear-thinning fluid only. The
influence of the severity of the constriction on the changing patterns of flowlines can well be estimated both in the absence
Md.A. Ikbal et al. / Journal of Computational and Applied Mathematics 230 (2009) 243–259 257
Fig. 11a. Pattern of streamlines for a 78% stenosis in the case of a shear-thinning fluid model in the absence of magnetic field for ReG = 1000 at t = 100.
Fig. 11b. Pattern of streamlines for a 78% stenosis in the case of a shear-thinning fluid model in the presence of magnetic field (M = 4) for ReG = 1000 at
t = 100.
Fig. 12a. Pattern of streamlines for a 50% stenosis in the case of a shear-thinning fluid model for ReG = 300,M = 2 at t = 100.
and the presence of magnetic field through direct comparison of the flowlines in Figs. 9a, 11a and 10a, 10b respectively. It
is evident from the present results that more and more recirculation zones near the stenotic wall upstream appear to form
with increasing severity of the stenosis irrespective of the introduction and omission of the magnetic field. However, in the
presence of magnetic field with certain intensity there is appreciable area-shrinkage of the recirculation zones indicating
the gravity of the situation arising from the stenotic flow characteristics under applied magnetic field.
Finally, in order to examine the behaviour of the streamlines in the constricted arterial segment for varied generalised
Reynolds number in the presence of magnetic field, the results corresponding to shear-thinning model of blood rheology
for ReG = 300 and 500 are included in the concluding Figs. 12a and 12b at the same instant of t = 100 for a moderate
50% severity of the stenosis in the presence of magnetic field with moderate intensity (M = 2). One may note from the
flow patterns that more and more flowlines get concentrated near the wall forming large number of flow separations
or recirculation zones upstream the stenotic region when ReG is increased from 300 to 500 at the same instant of time.
Such areas of recirculation zones possess major significance in the constricted flow phenomena and the flow appears to be
controlled by several parameters like ReG,M , n and δ among other parameters of the present model. Hence a careful choice
of the intensity of the applied magnetic field depending upon the severity of the constriction would certainly be of proper
utilisation to deal with atherosclerosis.
The flow domain presented at Figs. 9–12 appears to have restricted up to 30 units along the length of the stenosed arterial
segment and the recirculation zones are found to occur only towards the flow upstream the constriction irrespective of
the imposition of the magnetisation and demagnetisation. It is worthwhile to mention that the case of length restriction
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Fig. 12b. Pattern of streamlines for a 50% stenosis in the case of a shear-thinning fluid model for ReG = 500,M = 2 at t = 100.
has been waived by lengthening up to 125 units (far beyond the present 30 units) and explored to the point whether the
entire recirculation zone, if any, behind stenosis is visible. No recirculation zone or flow separation has been found to occur
downstream the stenosis even far behind the stenosis and hence there will be no loss of information even if the flow domain
is retained up to 30 units as exhibited in these figures.
8. Concluding remarks
The haemodynamics of the pulsatile flow in an arterial segment containing a stenosis have been studied in relation to the
distensibility of the vessel wall. Results have shown that the vessel wall flexibility, the Power law index (n), the intensity of
themagnetic field (M) and the generalised Reynolds number (ReG) affect the flow characteristics significantly especially, the
development of several recirculation zones upstream the constricted site. Generally, the magnetic field causes substantial
reduction of the flow rate. The form ofmagnetic field gradient plays an important role and substantially determines the flow
field. Though the details knowledge of the dynamical variables is possible and provides useful elements, the mechanism of
influence of the haemodynamical factors in the arterial disease is not clear. The characteristics of the red cells must be taken
into consideration by including a shear-dependent viscosity in the diffusion terms in time-dependent flows highlighting the
scopes of further work. All these mechanical and biochemical aspects related to biofluid dynamics are of some importance
anddemand further investigation. A great deal ofwork is needed to establish the rheological parameters for the physiological
values and to understand the connection of the issues with biological facts.
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